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Abstract
Free vibration of axially loaded rectangular composite beams with arbitrary lay-ups using refined shear
deformation theory is presented. It accounts for the parabolical variation of shear strains through the
depth of beam. Three governing equations of motion are derived from the Hamilton’s principle. The
resulting coupling is referred to as triply axial-flexural coupled vibration. A displacement-based one-
dimensional finite element model is developed to solve the problem. Numerical results are obtained
for rectangular composite beams to investigate effects of fiber orientation and modulus ratio on the
natural frequencies, critical buckling loads and load-frequency curves as well as corresponding mode
shapes.
Keywords: Refined shear deformation theory; triply axial-flexural coupled vibration; load-frequency
curves.
1. Introduction
Structural components made with composite materials are increasingly being used in various en-
gineering applications due to their attractive properties in strength, stiffness, and lightness. Under-
standing their dynamic behaviour is of increasing importance. For some practical applications, earlier
research on the free vibration characteristics of metallic beams ([1], [2]) has shown that the effects of
axial force on natural frequencies and mode shapes are, in general, much more pronounced than those
of the shear deformation and/or rotatory inertia. Thanks to the advantage that no shear correction
factors are needed, the higher-order beam theory (HOBT) is widely used for analysis of composite
beams. Though many works on dynamic characteristics are available in the open literature ([3]- [12]),
only representative samples are cited here, while detailed discussions can be found in Ref. [13]. Some
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researchers studied vibration and buckling problems in a unified fashion ([14]-[20]). Although a large
number of studies have been performed on these problems of composite beams using HOBTs, there
appear to be few papers that reported on the free vibration of axially loaded composite beams. Jun
and Hongxing [13] introduced the dynamic stiffness matrix method to solve the free vibration of axi-
ally loaded composite beams with arbitrary lay-ups. Karama et al. [21] presented static and dynamic
of composite beams with a transverse shear stress continuity model based on trigonometric shear
deformation theory.
In this paper, which is extended from previous research [22], free vibration of axially loaded rect-
angular composite beams with arbitrary lay-ups using refined shear deformation theory is presented.
It accounts for the parabolical variation of shear strains through the depth of beam. Three governing
equations of motion are derived from the Hamilton’s principle. The resulting coupling is referred to
as triply axial-flexural coupled vibration. A displacement-based one-dimensional finite element model
is developed to solve the problem. Numerical results are obtained for composite beams to investigate
effects of fiber orientation and modulus ratio on the natural frequencies, critical buckling loads and
load-frequency curves as well as corresponding mode shapes.
2. Kinematics
Consider a laminated composite beam with length L and rectangular cross-section b × h, with b
being the width and h being the height. The x-, y-, and z-axes are taken along the length, width, and
height of the beam, respectively. This composite beams is made of many plies of orthotropic materials
in different orientations with respect to the x-axis. To derive the finite element model of composite
beam, the following assumptions are made for the displacement field:
(a) The axial and transverse displacements consist of bending and shear components in which the
bending component does not contribute toward shear forces and, likewise, the shear component
does not contribute toward bending moments.
(b) The bending component of axial displacement is similar to that given by the Euler-Bernoulli beam
theory.
(c) The shear component of axial displacement gives rise to the higher-order variation of shear strain
and hence to shear stress through the depth of the beam in such a way that shear stress vanishes
on the top and bottom surfaces.
2
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The displacement field of the present theory can be obtained as:
U(x, z, t) = u(x, t)− z
∂wb(x, t)
∂x
+ z
[1
4
−
5
3
(z
h
)2]∂ws(x, t)
∂x
(1a)
W (x, z, t) = wb(x, t) + ws(x, t) (1b)
where u is the axial displacement along the mid-plane of the beam, wb and ws are the bending
and shear components of transverse displacement along the mid-plane of the beam, respectively. The
non-zero strains are given by:
ǫx =
∂U
∂x
= ǫ◦x + zκ
b
x + fκ
s
x (2a)
γxz =
∂W
∂x
+
∂U
∂z
= (1− f ′)γ◦xz = gγ
◦
xz (2b)
where
f = z
[
−
1
4
+
5
3
( z
h
)2]
(3a)
g = 1− f ′ =
5
4
[
1− 4
( z
h
)2]
(3b)
and ǫ◦x, γ
◦
xz, κ
b
x, κ
s
x and κxy are the axial strain, shear strains and curvatures in the beam, respec-
tively defined as:
ǫ◦x = u
′ (4a)
γ◦xz = w
′
s (4b)
κbx = −w
′′
b (4c)
κsx = −w
′′
s (4d)
where differentiation with respect to the x-axis is denoted by primes (′).
3. Variational Formulation
In order to derive the equations of motion, Hamilton’s principle is used:
δ
∫ t2
t1
(K − U − V)dt = 0 (5)
where U is the variation of the strain energy, V is the variation of the potential energy, and K is the
variation of the kinetic energy.
The variation of the strain energy can be stated as:
δU =
∫
v
(σxδǫx + σxzδγxz)dv =
∫ l
0
(Nxδǫ
◦
z +M
b
xδκ
b
x +M
s
xδκ
s
x +Qxzδγ
◦
xz)dx (6)
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where Nx,M
b
x,M
s
x and Qxz are the axial force, bending moments and shear force, respectively,
defined by integrating over the cross-sectional area A as:
Nx =
∫
A
σxdA (7a)
M bx =
∫
A
σxzdA (7b)
M sx =
∫
A
σxfdA (7c)
Qxz =
∫
A
σxzgdA (7d)
The variation of the potential energy of the axial force can be expressed as:
δV = −
∫ l
0
P0
[
δw′b(w
′
b + w
′
s) + δw
′
s(w
′
b + w
′
s)
]
dx (8)
The variation of the kinetic energy is obtained as:
δK =
∫
v
ρk(U˙δU˙ + W˙ δW˙ )dv
=
∫ l
0
[
δu˙(m0u˙−m1w˙b
′ −mf w˙s
′) + δw˙bm0(w˙b + w˙s) + δw˙b
′(−m1u˙+m2w˙b
′ +mfzw˙s
′)
+ δw˙sm0(w˙b + w˙s) + δw˙s
′(−mf u˙+mfzw˙b
′ +mf2w˙s
′)
]
dx (9)
where the differentiation with respect to the time t is denoted by dot-superscript convention; ρk
is the density of a kth layer and m0,m1,m2,mf ,mfz and mf2 are the inertia coefficients, defined by:
mf = −
m1
4
+
5
3h2
m3 (10a)
mfz = −
m2
4
+
5
3h2
m4 (10b)
mf2 =
m2
16
−
5
6h2
m4 +
25
9h4
m6 (10c)
where
(m0,m1,m2,m3,m4,m6) =
∫
A
ρk(1, z, z
2, z3, z4, z6)dA (11)
By substituting Eqs. (6), (8) and (9) into Eq. (5), the following weak statement is obtained:
0 =
∫ t2
t1
∫ l
0
[
δu˙(m0u˙−m1w˙b
′ −mf w˙s
′) + δw˙bm0(w˙b + w˙s) + δw˙b
′(−m1u˙+m2w˙b
′ +mfzw˙s
′)
+ δw˙sm0(w˙b + w˙s) + δw˙s
′(−mf u˙+mfzw˙b
′ +mf2w˙s
′)
+ P0
[
δw′b(w
′
b + w
′
s) + δw
′
s(w
′
b + w
′
s)
]
−Nxδu
′ +M bxδw
′′
b +M
s
xδw
′′
s −Qxzδw
′
s
]
dxdt (12)
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4. Constitutive Equations
The stress-strain relations for the kth lamina are given by:
σx = Q¯11ǫx (13a)
σxz = Q¯55γxz (13b)
where Q¯11 and Q¯55 are the elastic stiffnesses transformed to the x direction. More detailed expla-
nation can be found in Ref. [23].
The constitutive equations for bar forces and bar strains are obtained by using Eqs. (2), (7) and
(13):


Nx
M bx
M sx
Qxz


=


R11 R12 R13 0
R22 R23 0
R33 0
sym. R44




ǫ◦x
κbx
κsx
γ◦xz


(14)
where Rij are the laminate stiffnesses of general composite beams and given by:
R11 =
∫
y
A11dy (15a)
R12 =
∫
y
B11dy (15b)
R13 =
∫
y
(−
B11
4
+
5
3h2
E11)dy (15c)
R22 =
∫
y
D11dy (15d)
R23 =
∫
y
(−
D11
4
+
5
3h2
F11)dy (15e)
R33 =
∫
y
(
D11
16
−
5
6h2
F11 +
25
9h4
H11)dy (15f)
R44 =
∫
y
(
25
16
A55 −
25
2h2
D55 +
25
h4
F55)dy (15g)
where Aij, Bij andDij matrices are the extensional, coupling and bending stiffness and Eij, Fij ,Hij
matrices are the higher-order stiffnesses, respectively, defined by:
(Aij , Bij ,Dij , Eij , Fij ,Hij) =
∫
z
Q¯ij(1, z, z
2, z3, z4, z6)dz (16)
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5. Governing equations of motion
The equilibrium equations of the present study can be obtained by integrating the derivatives of
the varied quantities by parts and collecting the coefficients of δu, δwb and δws:
N ′x = m0u¨−m1w¨b
′ −mf w¨s
′ (17a)
M bx
′′
− P0(w
′′
b + w
′′
s ) = m0(w¨b + w¨s) +m1u¨
′ −m2w¨b
′′ −mfzw¨s
′′ (17b)
M sx
′′ +Q′xz − P0(w
′′
b + w
′′
s ) = m0(w¨b + w¨s) +mf u¨
′ −mfzw¨b
′′ −mf2w¨s
′′ (17c)
The natural boundary conditions are of the form:
δu : Nx (18a)
δwb : M
b
x
′
− P0(wb
′ + ws′)−m1u¨+m2w¨b
′ +mfzw¨s
′ (18b)
δw′b : M
b
x (18c)
δws : M
s
x
′ +Qxz − P0(wb
′ + ws′)−mf u¨+mfzw¨b
′ +mf2w¨s
′ (18d)
δw′s : M
s
x (18e)
By substituting Eqs. (4) and (14) into Eq. (17), the explicit form of the governing equations of
motion can be expressed with respect to the laminate stiffnesses Rij :
R11u
′′ −R12w
′′′
b −R13w
′′′
s = m0u¨−m1w¨b
′ −mf w¨s
′ (19a)
R12u
′′′ −R22w
iv
b −R23w
iv
s − P0(w
′′
b +w
′′
s ) = m0(w¨b + w¨s) +m1u¨
′
− m2w¨b
′′ −mfzw¨s
′′ (19b)
R13u
′′′ −R23w
iv
b −R33w
iv
s +R44w
′′
s − P0(w
′′
b +w
′′
s ) = m0(w¨b + w¨s) +mf u¨
′
− mfzw¨b
′′ −mf2w¨s
′′ (19c)
Eq. (19) is the most general form for the free vibration of axially loaded of rectangular composite
beams with arbitrary lay-ups, and the dependent variables, u, wb and ws are fully coupled.
6. Finite Element Formulation
The present theory for composite beams described in the previous section was implemented via a
displacement based finite element method. The variational statement in Eq. (12) requires that the
bending and shear components of transverse displacement wb and ws be twice differentiable and C
1-
continuous, whereas the axial displacement u must be only once differentiable and C0-continuous. The
6
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generalized displacements are expressed over each element as a combination of the linear interpolation
function Ψj for u and Hermite-cubic interpolation function ψj for wb and ws associated with node j
and the nodal values:
u =
2∑
j=1
ujΨj (20a)
wb =
4∑
j=1
wbjψj (20b)
ws =
4∑
j=1
wsjψj (20c)
Substituting these expressions in Eq. (20) into the corresponding weak statement in Eq. (12), the
finite element model of a typical element can be expressed as the standard eigenvalue problem:
([K]− P0[G]− ω
2[M ]){∆} = {0} (21)
where [K], [G] and [M ] are the element stiffness matrix, the element geometric stiffness matrix and
the element mass matrix, respectively. The explicit forms of [K] can be found in Ref. [22] and of [G]
and [M ] are given by:
G22ij =
∫ l
0
ψ′iψ
′
jdz (22a)
G23ij =
∫ l
0
ψ′iψ
′
jdz (22b)
G33ij =
∫ l
0
ψ′iψ
′
jdz (22c)
M11ij =
∫ l
0
m0ΨiΨjdz (22d)
M12ij = −
∫ l
0
m1Ψiψ
′
jdz (22e)
M13ij = −
∫ l
0
mfΨiψ
′
jdz (22f)
M22ij =
∫ l
0
m0ψiψj +m2ψ
′
iψ
′
jdz (22g)
M23ij =
∫ l
0
m0ψiψj +mfzψ
′
iψ
′
jdz (22h)
M33ij =
∫ l
0
m0ψiψj +mf2ψ
′
iψ
′
jdz (22i)
All other components are zero. In Eq. (21), {∆} is the eigenvector of nodal displacements corre-
sponding to an eigenvalue:
{∆} = {u wb ws}
T (23)
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7. Numerical Examples
For verification purpose, vibration analysis of axially loaded simply-supported beam with a sym-
metric cross-ply [90◦/0◦/0◦/90◦] lay-up and span-to-height (L/h = 2.273) is analysed first. Throughout
the numerical examples, 20 Hermitian beam elements with 105 degrees of freedom are used. The mate-
rial properties are assumed to be [21]: E1 = 241.5GPa, E2 = 18.98GPa, G12 = G13 = 5.18GPa, G23 =
3.45GPa, ν12 = 0.24, ρ = 2015Kg/m
3. The value of 109 N is adopted as initial compressive and tensile
force. Effect of the axial force on the first four natural frequencies is displayed in Table 1. This table
also shows a comparison with the numerical results given in previous studies, which were based on a
family of sinus finite elements [10], trigonometric shear deformation theory [21] and the commercial
software ABAQUS. A good agreement between the predictions of the present model and the earlier
works can be seen.
Next, the natural frequencies of symmetric cross-ply [0◦/90◦/90◦/0◦] composite beam with L/h
= 10 are given for different boundary conditions in Table 2. The material properties of AS4/3501-
6 graphite/epoxy composite are assumed to be [7]: E1 = 144.9GPa, E2 = 9.65GPa, G12 = G13 =
4.14GPa, G23 = 3.45GPa, ν12 = 0.3. The non-dimensional term is defined by: ω =
ωL2
h
√
ρ
E1
. It can
be noticed that the natural frequencies given in Table 2 are in excellent agreement with the reference
solution [7], which were also obtained from the higher-order beam theory, for all boundary conditions.
In the next example, simply-supported anti-symmetric cross-ply composite beams with different
span-to-height ratios are considered. This example is issued from [10] and the material properties are:
E1 = 181.0GPa, E2 = 10.3GPa, G12 = G13 = 7.17GPa, G23 = 2.87GPa, ν12 = 0.3, ρ = 1578Kg/m
3.
The non-dimensional term is defined by: ω =
ωL2
h
√
ρ
E2
. The first four natural frequencies are
evaluated and compared with numerical results in Ref. [10] in Table 3. It is observed that the present
results are in good agreement with previous study and the commercial software ANSYS for the thin
and thick beam.
To demonstrate the accuracy and validity of this study further, symmetric and anti-symmetric
cross-ply composite beams are considered. In the following examples, all laminate are of equal thickness
and made of the same orthotropic material, whose properties are:
E1/E2 = 40, G12 = G13 = 0.6E2, G23 = 0.5E2, ν12 = 0.25 (24)
For convenience, the following non-dimensional natural frequencies and critical buckling loads are
8
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used:
P cr =
PcrL
2
E2bh3
(25a)
ω =
ωL2
h
√
ρ
E2
(25b)
The fundamental natural frequencies and critical buckling loads for different span-to-height ratios
and different boundary conditions are compared with those of ([14], [15]), who used a state-space
concept in conjunction with the Jordan canonical form to obtain exact solutions and previous results
([8], [18], [19]) in Tables 4 and 5. It should be noted that the numerical results given in Refs. ([8], [14],
[15], [18], [19]) were obtained from different higher-order beam theories. Through the close correlation
observed between the present model and the earlier works, accuracy and adequacy of the present
model is again established.
In order to investigate the effects of the axial force, fiber orientation on the natural frequencies and
load-frequency curves, a cantilever anti-symmetric angle-ply [θ/− θ] composite beam with L/h = 10
is considered. The lowest three natural frequencies with and without the effect of axial force are given
in Table 6. The corresponding mode shapes with fiber angles θ = 30◦ and 60◦ under a compressive
axial force (P = 0.5Pcr) are illustrated in Figs. 1 and 2. The mode shapes for other cases of
axial force (P = 0 and P = −0.5Pcr) are similar to the corresponding ones for the case of axial force
(P = 0.5Pcr) and are not plotted, although there is a little difference between them. The change in the
flexural natural frequencies due to axial force is significant for all fiber angles. It is noticed that these
natural frequencies diminish as the axial force changes from tension (P = −0.5Pcr) to compression
(P = 0.5Pcr). It reveals that the tension force has a stiffening effect while the compressive force has
a softening effect on these natural frequencies. However, the third natural frequencies of fiber angles
θ = 60◦, 75◦ and 90◦, which correspond to the axial mode (Fig. 2c), are unaltered, as expected. The
lowest three load-frequency curves with fiber angles θ = 30◦ and 60◦ are plotted in Figs. 3 and 4. The
uncoupled solution, which neglects the coupling effects coming from the material anisotropy, are also
given. Due to the small coupling effects (Figs. 1 and 2), the results by uncoupled and coupled solution
are identical. Characteristic of load-frequency curves is that the value of the axial force for which the
natural frequency vanishes constitutes the buckling load. Thus, for θ = 60◦, the first flexural buckling
occurs at P = 0.254. As a result, the lowest branch vanishes when P is slightly over this value. As the
axial force increases, the second, third branch will also disappear when P is slightly over 2.195 and
5.568, respectively. It should be noted that for the third branch, two curves (Pz3−ωx1) and (Pz3−ωz3)
intersect at P = 0.152, thus, after this value, the first axial mode becomes the third flexural one. A
comprehensive three dimensional interaction diagram of the natural frequencies, axial compressive
9
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force and fiber angle is plotted in Fig. 5. Three groups of curves are observed. The smallest group is
for the first flexural mode and the larger ones are for the second and third flexural mode, respectively.
The next example is the same as before except that in this case, an unsymmetric [0◦/θ] lay-up is
considered. Major effects of the axial force on the natural frequencies are again seen in Table 7. Three
dimensional interaction diagram between axial-flexural buckling and natural frequency with respect to
the fiber angle change is shown in Fig. 6. Similar phenomena as the previous example can be observed
except that in this case all three groups of curves are axial-flexural coupled mode. The lowest three
load-frequency curves with fiber angles θ = 45◦ and 75◦ are displayed in Figs. 7 and 8. Due to strong
coupling effects, the results by uncoupled and coupled solution show discrepancy. It can be explained
partly by the normal mode shapes corresponding to the first three natural frequencies with fiber angle
θ = 75◦ for the case of an axial compressive force (P = 0.5Pcr) in Fig. 9. Relative measures of axial
and flexural displacements show that all three modes are triply coupled vibration (axial, bending and
shear components). That is, the uncoupled solution is no longer valid for unsymmetrically laminated
beams, and triply axial-flexural coupled should be considered.
Finally, the effects of modulus ratio (E1/E2) on the first load-frequency curve of a simply-supported
composite beam with L/h = 10 are investigated. A symmetric and an anti-symmetric cross-ply lay-
ups are considered. It is observed from Fig. 10 that the fundamental natural frequencies and critical
buckling loads as well as load-frequency curves increase with increasing orthotropy (E1/E2) for two
lay-ups considered.
8. Conclusions
A theoretical model is presented to study the axial-flexural coupled vibration of rectangular com-
posite beams with arbitrary lay-ups under a constant axial force. This model is capable of predicting
accurately the natural frequencies, critical buckling loads and load-frequency curves as well as corre-
sponding mode shapes for various configurations. It accounts for the parabolical variation of shear
strains through the depth of the beam, and satisfies the zero traction boundary conditions on the top
and bottom surfaces of the beam without using shear correction factor. To formulate the problem, a
one-dimensional displacement-based finite element method is employed. All of the possible vibration
mode shapes including the axial and flexural mode as well as triply axial-flexural coupled mode are
included in the analysis. The present model is found to be appropriate and efficient in analyzing free
vibration problem of rectangular composite beams under a constant axial force.
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Figure 1: Vibration mode shapes of a cantilever anti-symmetric angle-ply composite beam with the fiber angle 30◦ under
a axial compressive force (P = 0.5Pcr).
Figure 2: Vibration mode shapes of a cantilever anti-symmetric angle-ply composite beam with the fiber angle 60◦ under
a axial compressive force (P = 0.5Pcr).
Figure 3: Effect of axial force on the first three natural frequencies with the fiber angle 30◦ of a cantilever anti-symmetric
angle-ply composite beam.
Figure 4: Effect of axial force on the first three natural frequencies with the fiber angle 60◦ of a cantilever anti-symmetric
angle-ply composite beam.
Figure 5: Three dimensional interaction diagram between the axial compressive force and the first three natural frequen-
cies of a cantilever anti-symmetric angle-ply composite beam with respect to the fiber angle change.
Figure 6: Three dimensional interaction diagram between the axial compressive force and the first three natural frequen-
cies of a cantilever unsymmetric composite beam with respect to the fiber angle change.
Figure 7: Effect of axial force on the first three natural frequencies with the fiber angle 45◦ of a cantilever unsymmetric
composite beam.
Figure 8: Effect of axial force on the first three natural frequencies with the fiber angle 75◦ of a cantilever unsymmetric
composite beam.
Figure 9: Vibration mode shapes of a cantilever unsymmetric composite beam with the fiber angle 75◦ under a axial
compressive force (P = 0.5Pcr).
Figure 10: Variation of the first load-frequency curves with respect to modulus ratio change of a simply-supported
symmetric and anti-symmetric cross-ply composite beam.
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Table 1: Effect of axial force on the first four natural frequencies of a simply-supported beam with a symmetric cross-ply
[90◦/0◦/0◦/90◦] lay-up.
Table 2: Comparison of the first four non-dimensional natural frequencies of symmetric cross-ply composite beams with
various boundary conditions.
Table 3: Comparison of the first four non-dimensional natural frequencies of simply-supported anti-symmetric cross-ply
composite beams.
Table 4: Comparison of the non-dimensional fundamental natural frequencies of symmetric and anti-symmetric cross-ply
composite beams with various boundary conditions.
Table 5: Comparison of the non-dimensional critical buckling loads of symmetric and anti-symmetric cross-ply composite
beams with various boundary conditions.
Table 6: Effect of axial force on the first three non-dimensional natural frequencies of a cantilever anti-symmetric
angle-ply [θ/− θ] composite beam with respect to the fiber angle change.
Table 7: Effect of axial force on the first three non-dimensional natural frequencies of an unsymmetric [0◦/θ] cantilever
composite beam with respect to the fiber angle change.
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Table 1: Effect of axial force on the first four natural frequencies of a simply-supported beam with a 
symmetric cross-ply 
0 0 0 0[90 / 0 / 0 / 90 ]  lay-up. 
Mode 
P = 10
9 
N 
(compression) 
P = 0  
(no axial force) 
P = -10
9 
N
 
(tension) 
ABAQUS [21] Ref. [21] Present ABAQUS [21] Ref. [21] Ref. [10] Present Present 
1 78.60 77.00 75.63 82.90 83.70 82.78 82.42 88.69 
2 195.05 184.44 183.95 200.60 195.80 195.83 195.20 205.83 
3 317.09 297.76 300.54 324.30 313.40 311.73 315.88 330.50 
4 441.11 422.44 431.19 450.1 441.80 428.96 449.83 467.72 
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Table 2: Comparison of the first four non-dimensional natural frequencies of symmetric cross-ply 
composite beams with various boundary conditions. 
Mode 
Simply-supported Cantilever- Free Clamped-Clamped 
Marur and Kant [7] Present Marur and Kant [7] Present Marur and Kant [7] Present 
1 2.3094 2.3138 0.8846 0.8866 3.7090 3.7715 
2 6.9808 7.0091 4.1214 4.1716 7.8271 8.3662 
3 12.0500 12.1250 9.0231 9.1787 12.5878 12.9934 
4 17.1358 17.2949 11.4422
*
 11.4721
*
 17.5105 18.2571 
*: Axial natural frequencies; rest ones are flexural natural frequencies 
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Table 3: Comparison of the first four non-dimensional natural frequencies of simply-supported anti-
symmetric cross-ply composite beams. 
Mode Reference 
L/h 
5 10 20 
1 
Vidal and Polit [10] 4.78 5.29 5.45 
ANSYS [10] 4.77 5.29 5.45 
Present 4.76 5.28 5.45 
2 
Vidal and Polit [10] 14.71 19.14 21.20 
ANSYS [10] 14.61 19.12 21.18 
Present 14.56 19.03 21.14 
3 
Vidal and Polit [10] 25.87 37.87 45.62 
ANSYS [10] 25.40 37.77 45.55 
Present 27.21 36.44 45.32 
4 
Vidal and Polit [10] 35.56 58.97 76.81 
ANSYS [10] 35.42 58.60 76.59 
Present 39.60 61.08 74.65 
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Table 4: Comparison of the non-dimensional fundamental natural frequencies of symmetric and 
anti-symmetric cross-ply composite beams with various boundary conditions. 
Lay-ups Reference 
L/h 
5 10 20 
Simply-supported beam 
[0
0
/90
0
/0
0
] 
Murthy et al. [8] 9.207 13.614 - 
Khdeir and Reddy [14] 9.208 13.614 - 
Aydogdu [18] 9.207 - 16.337 
Present 9.206 13.607 16.327 
[0
0
/90
0
] 
Khdeir and Reddy [14] 6.128 6.945 - 
Aydogdu [18] 6.144 - 7.218 
Present 6.058 6.909 7.204 
Cantilever- Free beam 
[0
0
/90
0
/0
0
] 
Murthy et al.[8] 4.230 5.491 - 
Khdeir and Reddy[14] 4.234 5.495 - 
Aydogdu[18] 4.233 - 6.070 
Present 4.230 5.490 6.062 
[0
0
/90
0
] 
Murthy et al.[8] 2.378 2.541 - 
Khdeir and Reddy [14] 2.386 2.544 - 
Aydogdu [18] 2.384 - 2.590 
Present 2.381 2.541 2.589 
Clamped-Clamped beam 
[0
0
/90
0
/0
0
] 
Murthy et al. [8] 11.602 19.719  
Khdeir and Reddy [14] 11.603 19.712 - 
Aydogdu [18] 11.637 - 29.926 
Present 11.601 19.708 29.643 
[0
0
/90
0
] 
Murthy et al. [8] 10.011 13.657 - 
Khdeir and Reddy [14] 10.026 13.660 - 
Aydogdu [18] 10.103 - 15.688 
Present 10.022 13.659 15.650 
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Table 5: Comparison of the non-dimensional critical buckling loads of symmetric and anti-
symmetric cross-ply composite beams with various boundary conditions. 
Lay-ups Reference 
L/h 
5 10 20 
Simply-supported beam 
[0
0
/90
0
/0
0
] 
Khdeir and Reddy [15] 8.613 18.832 - 
Aydogdu [19] 8.613 - 27.084 
Present 8.609 18.814 27.050 
[0
0
/90
0
] 
Aydogdu [19] 3.906 - 5.296 
Present 3.903 4.936 5.290 
Cantilever- Free beam 
[0
0
/90
0
/0
0
] 
Khdeir and Reddy [15] 4.708 6.772 - 
Aydogdu [19] 4.708 - 7.611 
Present 4.704 6.762 7.600 
[0
0
/90
0
] 
Aydogdu [19] 1.236 - 1.349 
Present 1.234 1.322 1.347 
Clamped-Clamped beam 
[0
0
/90
0
/0
0
] 
Khdeir and Reddy [15] 11.652 34.453 - 
Present 11.648 34.437 75.257 
[0
0
/90
0
] Present 8.670 15.619 19.757 
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Table 6: Effect of axial force on the first three non-dimensional natural frequencies of a cantilever 
anti-symmetric angle-ply  /  composite beam with respect to the fiber angle change. 
Fiber 
angle 
Buckling 
loads 
P=-0.5Pcr  (tension) P=0 (no axial force) P=0.5Pcr (compression) 
1  2  3  1  2  3  1  2  3  
0 7.065 6.674 25.357 51.890 5.625 23.553 49.648 4.144 21.575 47.293 
15 6.525 6.082 23.747 49.286 4.971 21.938 47.108 3.270 19.938 44.818 
30 1.581 3.322 15.589 35.930 2.771 14.864 35.201 2.009 14.095 34.457 
45 0.462 1.818 9.288 23.308 1.512 8.907 22.965 1.092 8.506 22.617 
60 0.254 1.350 7.033 17.500* 1.122 6.751 17.500* 0.810 6.455 17.500* 
75 0.212 1.234 6.450 15.980* 1.026 6.193 15.980* 0.740 5.923 15.980* 
90 0.205 1.213 6.345 15.709* 1.008 6.092 15.709* 0.728 5.826 15.709* 
*: Axial natural frequencies; rest ones are flexural natural frequencies. 
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Table 7: Effect of axial force on the first three non-dimensional natural frequencies of an 
unsymmetric  0 / cantilever composite beam with respect to the fiber angle change. 
Fiber 
angle 
Buckling 
loads 
P = -0.5Pcr  (tension) P = 0 (no axial force) P = 0.5Pcr (compression) 
1  2  3  1  2  3  1  2  3  
0 7.065 6.674 25.357 51.890 5.625 23.553 49.648 4.144 21.575 47.293 
15 6.149 6.274 24.376 50.393 5.281 22.734 48.389 3.882 20.941 46.293 
30 3.081 4.572 19.911 43.687 3.826 18.856 42.533 2.786 17.726 41.345 
45 1.694 3.440 16.224 37.675 2.869 15.477 36.934 2.079 14.685 36.177 
60 1.395 3.131 15.059 35.574 2.609 14.387 34.925 1.889 13.677 34.264 
75 1.333 3.062 14.776 35.015 2.551 14.120 34.385 1.847 13.427 33.742 
90 1.322 3.050 14.722 34.899 2.541 14.069 34.271 1.839 13.379 33.632 
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CAPTIONS OF FIGURES 
Figure 1: Vibration mode shapes with the axial and flexural components of a cantilever anti-
symmetric angle-ply composite beam with the fiber angle 30
0 
Figure 2: Vibration mode shapes with the axial and flexural components of a cantilever anti-
symmetric angle-ply composite beam with the fiber angle 60
0 
Figure 3: Effect of axial force on the first three natural frequencies with the fiber angle 30
0
 of a 
cantilever anti-symmetric angle-ply composite beam. 
Figure 4: Effect of axial force on the first three natural frequencies with the fiber angle 60
0
 of a 
cantilever anti-symmetric angle-ply composite beam. 
Figure 5: Three dimensional interaction diagram between the axial compressive force and the first 
three natural frequencies of a cantilever anti-symmetric angle-ply composite beam with respect to 
the fiber angle change. 
Figure 6: Three dimensional interaction diagram between the axial compressive force and the first 
three natural frequencies of a cantilever unsymmetric composite beam with respect to the fiber 
angle change. 
Figure 7: Effect of axial force on the first three natural frequencies with the fiber angle 45
0
 of a 
cantilever un-symmetric composite beam. 
Figure 8: Effect of axial force on the first three natural frequencies with the fiber angle 75
0
 of a 
cantilever unsymmetric composite beam. 
Figure 9: Vibration mode shapes with the axial and flexural components of a cantilever un-
symmetric composite beam with the fiber angle 75
0
. 
Figure 10: Variation of the first load-frequency curves with respect to modulus ratio change of a 
simply-supported symmetric and anti-symmetric cross-ply composite beam. 
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a. Fundamental mode shape  = 2.009 
 
b. Second mode shape  = 14.095 
 
c. Third mode shape  = 34.457 
Figure 1: Vibration mode shapes with the axial and flexural components of a cantilever anti-
symmetric angle-ply composite beam with the fiber angle 30
0
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a. Fundamental mode shape  = 0.810 
 
b. Second mode shape  = 6.455 
 
c. Third mode shape  = 17.500 
Figure 2: Vibration mode shapes with the axial and flexural components of a cantilever anti-
symmetric angle-ply composite beam with the fiber angle 60
0
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Figure 3: Effect of axial force on the first three natural frequencies with the fiber angle 30
0
 of a 
cantilever anti-symmetric angle-ply composite beam. 
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Figure 4: Effect of axial force on the first three natural frequencies with the fiber angle 60
0
 of a 
cantilever anti-symmetric angle-ply composite beam. 
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Figure 5: Three dimensional interaction diagram between the axial compressive force and the first 
three natural frequencies of a cantilever anti-symmetric angle-ply composite beam with respect to 
the fiber angle change. 
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Figure 6: Three dimensional interaction diagram between the axial compressive force and the first 
three natural frequencies of a cantilever unsymmetric composite beam with respect to the fiber 
angle change. 
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Figure 7: Effect of axial force on the first three natural frequencies with the fiber angle 45
0
 of a 
cantilever un-symmetric composite beam. 
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Figure 8: Effect of axial force on the first three natural frequencies with the fiber angle 75
0
 of a 
cantilever unsymmetric composite beam. 
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a. Fundamental mode shape  = 1.847. 
 
b. Second mode shape  = 13.427. 
 
c. Third mode shape  = 33.742. 
Figure 9: Vibration mode shapes with the axial and flexural components of a cantilever un-
symmetric composite beam with the fiber angle 75
0
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Figure 10: Variation of the first load-frequency curves with respect to modulus ratio change of a 
simply-supported symmetric and anti-symmetric cross-ply composite beam. 
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